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Abstract
We define a modulo one rational number invariant of order up to 2 as the Arf invariant of the
Z2-hyperbolic quadratic function of every infinite cyclic covering of every (possibly non-orientable)
compact 3-manifold, and analogously a modulo one rational number invariant of order up to 4 as an
invariant of the Q/Z-quadratic function of every infinite cyclic covering of every compact oriented
4-manifold. Typically the invariants become an invariant of an arbitrary oriented link in S3 and an
invariant of an arbitrary oriented surface-link in S4.  2002 Elsevier Science B.V. All rights reserved.
Keywords: Infinite cyclic covering; Arf invariant; Quadratic function; Linking signature;
3-manifold; 4-manifold; Link; Surface-link
0. Introduction
An idea of constructing a modulo one rational invariant is to use the Gaussian sum of a
Q/Z-quadratic function, i.e., a quadratic function on a finite Abelian group. In Section 1
we explain how to construct the invariant which we shall call the linking signature from
a Q/Z-quadratic function. A calculation of the linking signature is given in Section 2.
It is also shown there that the linking signature is a natural generalization of the Arf
invariant of a Z2-hyperbolic quadratic function. Then our main task is to construct a
Z2-hyperbolic quadratic function invariant of every infinite cyclic covering M˜ of every
(possibly non-orientable) compact 3-manifold M and a Q/Z-quadratic function invariant
of every infinite cyclic covering W˜ of every compact oriented 4-manifoldW . In Sections 3
and 4, we shall do these constructions by making use of the duality theorems in [3,6,7].
The linking signature of order up to 2 of the Z2-hyperbolic quadratic function of M˜ is
called the intrinsic Arf invariant and denoted by α(M˜) ∈Q/Z. The intrinsic Arf invariant
α(L) of an oriented link L in S3 is then defined by the identity α(L) = α(E˜L) for the
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unique infinite cyclic connected covering E˜L of the compact exterior EL of L. The linking
signature of the Q/Z-quadratic function of W˜ is shown to have order up to 4 and denoted
by σ(W˜ ) ∈Q/Z. The linking signature σ(F ) of an oriented surface-link F in S4 is then
defined by the identity σ(F )= σ(E˜F ) for the unique infinite cyclic connected covering E˜F
of the compact exteriorEF of F . A version of this paper relating to spin 3- and 4-manifolds
will be given in [9].
1. The linking signature of a quadratic function on a finite Abelian group
A quadratic function on a finite Abelian group G is a function
q :G→Q/Z
such that q(−x) = q(x) for all x ∈ G and the pairing  :G×G→Q/Z defined by the
identity (x, y) = q(x + y) − q(x) − q(y) is a non-singular symmetric bilinear form
which we call the linking induced from q . We note that q(0) = 0 and 0 = q(x − x) =
q(x) + q(−x) + (x,−x), i.e., 2q(x) = (x, x) for all x ∈ G. This also means that
q(2mx)= 22mq(x) for every integer m 1 and x ∈G. A quadratic function q :G×G→
Q/Z is said to be isomorphic to a quadratic function q ′ :G′ ×G′ →Q/Z if there is an
isomorphism f :G∼=G′ such that q = q ′f . The Gaussian sum of q is the sum
GS(q)=
∑
x∈G
exp
(
2π
√−1 · q(x)).
We see that the complex number GS(q) is an invariant of a quadratic function q
up to isomorphisms. We are interested in a topological approach to calculating the
Gaussian sum of a Q/Z-quadratic function. For a closed oriented 3-manifold M , we
denote by tH1(M;Z) the Z-torsion part of the integral first homology H1(M;Z) and
M : tH1(M;Z)× tH1(M;Z)→Q/Z the linking defined by Poincaré duality. From our
viewpoint, it is basic to note that every linking  :G × G→ Q/Z is isomorphic to the
linking M of a closed connected oriented 3-manifold M with H1(M;Z)= tH1(M;Z)∼=
G (see [10]), so that a quadratic function q :G→ Q/Z inducing  is isomorphic to a
quadratic function H1(M;Z)→ Q/Z inducing M . A Z2-longitude of a knot K in M
is a Z2-homology class of H1(∂TK;Z2) for a tubular neighborhood TK of K which
represents a longitude L of K on TK . We denote it by [L]2 where the orientation of
L is chosen so that L is homologous to K in TK . We note that there are just two Z2-
longitudes for every knot in M . When K represents the zero element in H1(M;Z2), there
is just one Z2-longitude [L]2 of K sent to the zero element by the natural homomorphism
H1(∂TK;Z2)→ H1(EK;Z2), where EK = cl(M − TK) denotes the compact exterior of
K in M . We call it the canonical Z2-longitude of K . By a spin structure on tH1(M;Z),
we mean a specification of Z2-longitude for every knot in tH1(M;Z) which comes from
a spin structure on M (See Milnor [13]). Since bH1(M;Z) = H1(M;Z)/tH1(M;Z) is
Z-free, the natural homomorphism tH1(M;Z)⊗ Z2 →H1(M;Z)⊗ Z2 =H1(M;Z2) is
injective. This implies that there are just |tH1(M;Z)⊗Z2| spin structures on tH1(M;Z)
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and each spin structure extends to just |bH1(M;Z) ⊗ Z2| spin structures on M . The
following lemma clarifies the meaning of a quadratic function q inducing M .
Lemma 1.1. Every quadratic function q inducing M determines a spin structure on
tH1(M;Z). Conversely, every spin structure on tH1(M;Z) determines a quadratic
function q inducing M .
Proof. Let K be an oriented knot representing an element of tH1(M;Z). Let L and L′
be two oriented longitudes of K on a tubular neighborhood TK of K in M such that
the cycle L − L′ in ∂TK is homologous to a meridian of TK up to orientations. Since
2q([K])= M([K], [K]) for the homology class [K] ∈ tH1(M;Z), we see that q([K]) is
equal to one of the two modulo one half Q-linking numbers:
LinkQ(K,L)
2
(mod 1),
LinkQ(K,L′)
2
= LinkQ(K,L)
2
+ 1
2
(mod 1).
The Z2-homology class represented by one of these longitudes, L or L′, which attains the
equality, is defined to be the q-specified Z2-longitude of K .
LetKbi (i = 1,2, . . . , r) be a knot system in M representing a Z2-basis forH1(M;Z2)∼=
Zr2 such that the knots K
b
i (i = 1,2, . . . , s) are in tH1(M;Z) and represent a Z2-basis for
tH1(M;Z)⊗ Z2 ∼= Zs2. Let ι be the spin structure on M given by taking a Z2-longitude
system [Lbi ]2 (i = 1,2, . . . , r) for Kbi (i = 1,2, . . . , r) so that [Lbi ]2 is the q-specified Z2-
longitude of Kbi for i = 1,2, . . . , s. We must prove that the q-specified Z2-longitude of
every knot K in tH1(M;Z) is equal to the Z2-longitude specified by this spin structure ι.
This proof is obtained from the following three steps:
Step 1. The q-specified Z2-longitude of a knot K in tH1(M;Z) representing the zero
element of H1(M;Z2) is equal to the canonicalZ2-longitude of K (that is the Z2-longitude
of K specified by every spin structure on M).
Step 2. For every non-zero element x ∈ tH1(M;Z)⊗Z2, there is a knotK in tH1(M;Z)
representing x such that the q-specified Z2-longitude of K is equal to the Z2-longitude of
K specified by ι.
Step 3. Let K be a knot in tH1(M;Z) such that the q-specified Z2-longitude of K
is equal to the Z2-longitude of K specified by ι. Then for every knot K ′ in tH1(M;Z)
representing the same element as K in tH1(M;Z)⊗ Z2, the q-specified Z2-longitude of
K ′ is equal to the Z2-longitude of K ′ specified by ι.
To prove Step 1, we use a compact connected non-orientable surface P ′ in M bounded
by K such that P ′ contains a Möbius band N with N ∩K = ∅ and P ′′ = cl(P ′ − N) is
an orientable surface. This surface P ′ can be constructed, if necessary, by adding locally a
standard Möbius band to any compact connected surface bounded by K in M . Let K0 be
a centerline of the Möbius band N , and T0 a tubular neighborhood of K0 in M such that
T0 ∩ P ′ =N . Let K ′ = ∂N . We orient K ′ so that K ′ is homologous to K in P ′′. We also
orient K0 so that K ′ is homologous to 2K0 in N . For a parallel L′ of K ′ in ∂T0, we have
a 2-chain A in T0 −K ′ such that ∂A= L′ − 2K0. Since [K ′] = 2[K0] ∈ tH1(M;Z), we
have
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LinkQ(K ′,L′)
2
(mod 1) = LinkQ(K
′,2K0)
2
(mod 1)
= LinkQ(K ′,K0) (mod 1)
= M
([
K ′
]
, [K0]
)= 2M([K0], [K0])
= q(2[K0])= q([K ′]).
Hence [L′]2 is the q-specifiedZ2-longitude ofK ′. For I = [−1,1], we take a trivial normal
I -bundle P ′′ × I over P ′′ in M identifying P ′′ × 0 with P ′′ and K ′ × 1 with L′. Taking
L=K × 1, we have that
q
([K])= q([K ′])= LinkQ(K ′,L′)
2
(mod 1)= LinkQ(K,L)
2
(mod 1)
meaning that [L]2 is the q-specified Z2-longitude of K . Since L′ represents the zero
element of H1(T0 − K ′;Z2), we see that L represents the zero element of H1(EK ;Z2)
and hence is the canonical Z2-longitude of K in M , completing the proof of Step 1.
To prove Steps 2 and 3, we need the following sublemma.
Sublemma 1.1.1. Let Ki (i = 1,2, . . . , u) be disjoint oriented knots in M such that
∂P =⋃ui=1 Ki for a compact oriented surface P in M . Let Li be a longitude of Ki which
is parallel to Ki in P . Let ι be a spin structure on M , and q a quadratic function on
tH1(M;Z) inducing M . Then we have the following (1) and (2):
(1) If [Li]2 is the Z2-longitude of Ki specified by ι for i = 1,2, . . . , u− 1, then [Lu]2
is the Z2-longitude of Ku specified by ι.
(2) If Ki is in tH1(M;Z) and [Li]2 is the q-specified Z2-longitude of Ki for i =
1,2, . . . , u− 1, then Ku is in tH1(M;Z) and [Lu]2 is the q-specified Z2-longitude
of Ku.
We prove Steps 2 and 3 by assuming Sublemma 1.1.1. To prove Step 2, we note that
every non-zero element x ∈ tH1(M;Z)⊗Z2 is represented by one of Kbi (i = 1,2, . . . , s)
or a knot K in tH1(M;Z) obtained from some of the knots Lbi (i = 1,2, . . . , s), say Lbi
(i = 1,2, . . . , v), by the fusion along mutually disjoint v−1 bands which are disjoint from
the interiors of TKbi (i = 1,2, . . . , v). Then we can construct a planar oriented surface P
such that ∂P = (−K)∪ (⋃vi=1Kbi ) and Lbi is parallel to Kbi in P for all i = 1,2, . . . , v. Let
L be a longitude of K which is parallel to K in P . By Sublemma 1.1.1, K is in tH1(M;Z)
and the Z2-longitude [L]2 of K is the q-specified Z2-longitude and is also specified by ι,
completing the proof of Step 2.
To prove Step 3, let K1 and K2 be disjoint knots in tH1(M;Z) which represent the
same element of H1(M;Z2), and [Li]2 the q-specified Z2-longitude of Ki for i = 1,2.
Let K3 be a knot obtained by the fusion of L1 ∪ L2 along a band which is disjoint from
the interiors of TKi (i = 1,2). We construct a planar oriented surface P in M such that
∂P = (−K3)∪ (K1 ∪K2) and Li is parallel to Ki in P for i = 1,2. Let L3 be a longitude
of K3 which is parallel to K3 in P . By Sublemma 1.1.1, K3 is in tH1(M;Z) and [L3]2 is
the q-specified Z2-longitude of K3. Since K3 represents the zero element of H1(M;Z2),
we see that [L3]2 is the canonical Z2-longitude of K3 by Step 1 which is the Z2-longitude
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specified by ι. Hence, if [L1]2 is equal to the Z2-longitude specified by ι, then we see from
Sublemma 1.1.1 that [L2]2 is equal to the Z2-longitude specified by ι, completing the proof
of Step 3.
The first half of the lemma is thus obtained, assuming Sublemma 1.1.1.
To show the latter half, let ι be a spin structure on tH1(M;Z). For an oriented knot K
representing an element of tH1(M;Z), let [L]2 be the Z2-longitude of K specified by ι.
We define
q([K])= LinkQ(K,L)
2
(mod 1).
This value is seen to be independent of a choice of longitudes of K representing [L]2. If K
is homologous to a knot K ′ disjoint from K , then we have a compact connected oriented
surface P ′ such that ∂P ′ =K ∪ (−K ′). Let [L′]2 be the Z2-longitude of K ′ specified by ι.
Let LP and L′P be longitudes of K and K ′ such that LP and L′P are parallel to K and K ′
in P , respectively. By Sublemma 1.1.1, [L]2 = [LP ]2 on TK if and only if [L′]2 = [L′P ]2
on TK ′ . Considering a normal I -bundle P × I over P in M , we have
LinkQ(K,L)
2
(mod 1)= LinkQ(K
′,L′)
2
(mod 1).
Thus, q([K]) depends only on the homology class [K] ∈ tH1(M;Z) and defines a well-
defined function q : tH1(M;Z)→Q/Z. For disjoint knots Ki (i = 1,2) in tH1(M;Z),
let [Li]2 be the Z2-longitude of Ki specified by ι, and K a knot obtained from L1 and L2
by the fusion along a band which is disjoint from the interiors of TKi (i = 1,2). Let P be
a planar surface in M such that ∂P = (−K)∪ (K1 ∪K2) and Li is parallel to Ki in P for
i = 1,2. Let L be a longitude of K which is parallel to K in P . By Sublemma 1.1.1, [L]2
is the Z2-longitude of K specified by ι. Using a normal I -bundle P × I over P in M , we
see that LinkQ(K,L)= LinkQ(K1 +K2,L1 +L2), so that
q
([K1] + [K2])= q([K])= q([K1])+ q([K2])+ M([K1], [K2]).
Thus, q is a quadratic function inducing M . ✷
Proof of Sublemma 1.1.1. For (1), we construct a spin 4-manifold W from M × I by
attaching 2-handles to TKi × 1 with framing given by Li × 1 (i = 1,2, . . . , u − 1). By
assumption, W is a spin 4-manifold with a spin structure extending the spin structure ι on
M × (−1) (regarded as M with opposite orientation). Let [L′u]2 be the Z2-longitude of Ku
with [L′u]2 = [Lu]2. Let W ′ be a 4-manifold obtained from W by attaching a 2-handle to
TKu × 1 with framing given by L′u × 1. Then P extends to a closed oriented surface P̂
in W ′ with the non-zero Z2-self-intersection number, so that W ′ is not a spin 4-manifold.
This means that the Z2-longitude of Ku given by ι is not [L′u]2 but [Lu]2.
For (2), we have the following identity by taking a normal I -bundle P × I over P in M:
LinkQ(Ku,Lu) = LinkQ
(
u−1∑
i=1
Ki,
u−1∑
i=1
Li
)
=
u−1∑
i=1
LinkQ(Ki,Li)+ 2
∑
1i<j<u
LinkQ(Ki,Kj ).
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Since [Ku] = −∑u−1i=1 [Ki] ∈ tH1(M;Z) and Li is the q-specified Z2-longitude of Ki for
i < u, this identity implies that
LinkQ(Ku,Lu)
2
(mod 1) =
u−1∑
i=1
q
([Ki])+ ∑
1i<j<u
M
([Ki], [Kj ])
= q
(
u−1∑
i=1
[Ki]
)
= q(−[Ku])= q([Ku]).
Hence [Lu]2 is the q-specified Z2-longitude of Ku. ✷
Every closed connected oriented spin 3-manifold (M, ι) is known to be the boundary
of a compact oriented spin 4-manifold (W, ιW ) with tH1(W) = 0 (cf. Kaplan [2]). Then
every element x = [K] ∈ tH1(M;Z) with K an oriented knot is the image of a homology
class x¯ = [C] ∈ H2(W,M;Z) with ∂C = K under the boundary homomorphism
∂ :H2(W,M;Z)→ H1(M;Z). Let x¯Q ∈ H2(W ;Q) be the homology class of a rational
2-cycle obtained from the 2-chain C by adding a rational 2-chain CMQ in M with ∂C
M
Q =
−K . Then for the Q-intersection number IntQ(x¯Q, x¯Q) in W and the quadratic function
q : tH1(M;Z)→Q/Z specified by ι in Lemma 1.1, we have the following lemma:
Lemma 1.2. IntQ(x¯Q,x¯Q)2 (mod 1)=−q(x).
Proof. For a 2-chain C′ obtained from C by isotopically deformingK into a Z2-longitude
L of K specified by the orientation of K and ι, the spin structure ι assures that the
intersection number Int(C,C′) in W is even. Hence we have
IntQ(x¯Q, x¯Q)
2
(mod 1) = Int(C,C
′)
2
+ IntQ(C
M
Q ,L)
2
(mod 1)
= −LinkQ(K,L)
2
(mod 1)=−q(x). ✷
The Rochlin invariant µ(M, ι) of a spin 3-manifold (M, ι) is given by the identity
µ(M, ι)=− sign(W)
16
∈Q/Z.
It is well known by the Rochlin theorem (see Freedman and Kirby [1], Matsumoto [12])
that this modulo one rational number is independent of a choice of a compact oriented spin
4-manifold W with boundary (M, ι) (cf. [5]). Combining Lemma 1.2 with a known result
of Milnor and Husemoller [14, Appendix 4], we have the following lemma.
Lemma 1.3. For the Rochlin invariant µ(M, ι) and the quadratic function
q : tH1(M;Z)→Q/Z
given by the spin 3-manifold (M, ι), we have
GS(q)=
√∣∣tH1(M;Z)∣∣exp(2π√−1 · 2µ(M, ι)).
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Proof. Using the identity in Lemma 1.2 on the Q-intersection form
IntQ :H2(W ;Q)×H2(W ;Q)→Q
and the quadratic function −q : tH1(M;Z)→Q/Z, we can establish the identity
GS(−q)=
√∣∣tH1(M;Z)∣∣exp(2π√−1 · sign(W)8
)
by [14, Appendix 4]. Since GS(−q) is the complex conjugate of G(q), the desired identity
is obtained. ✷
Since every linking  :G × G → Q/Z is isomorphic to the linking M of a closed
connected oriented 3-manifold M with H1(M;Z) ∼= G by [10], we have the following
corollary.
Corollary 1.4. For every quadratic function q :G→Q/Z on a finite Abelian group G,
there is a unique modulo one rational number σ(q) ∈ Q/Z of order up to 8 (i.e., with
8σ(q)= 0 in Q/Z) such that GS(q)=√|G| exp(2π√−1 · σ(q)).
We call the modulo one rational number σ(q) ∈ Q/Z the linking signature of the
quadratic function q :G → Q/Z. When the group order |G| is odd, we note that
every linking  :G×G→Q/Z determines uniquely a quadratic function q :G→Q/Z
inducing  (cf. Lemma 1.1). For the Rochlin invariant µ(M, ι) and the quadratic function
q : tH1(M;Z)→Q/Z specified by ι, Lemma 1.3 says that
σ(q)= 2µ(M, ι).
2. A calculation of the linking signature
Let q :G→Q/Z be a quadratic function inducing a linking  :G×G→Q/Z.
Lemma 2.1. If  is an orthogonal sum of two linkings i :Gi ×Gi → Q/Z (i = 1,2),
then we have σ(q)= σ(q1)+ σ(q2) for the quadratic functions qi :Gi →Q/Z (i = 1,2)
induced from q .
Proof. Since we have the identity q(x1 + x2) = q1(x1) + q2(x2) for all x1 ∈ G1 and
x2 ∈G2, we haveGS(q)=GS(q1)GS(q2), giving the equality σ(q)= σ(q1)+σ(q2). ✷
For every prime p, let Gp be the p-primary component of G. Then we see that
the linking  :G × G → Q/Z is the unique orthogonal sum of the linkings p :Gp ×
Gp →Q/Z induced from  for all primes p. Hence we have the following corollary of
Lemma 2.1.
Corollary 2.2. For the quadratic function qp :Gp →Q/Z induced from q , we have the
identity σ(q)=∑p σ(qp) where the summation ∑p ranges over all primes p.
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By this corollary, in order to calculate every linking signature, it suffices to calculate
σ(q) for the case that G is an odd-order group or a 2-group. For an odd-order group G,
every linking  :G×G→Q/Z is an orthogonal sum of cyclic linkings n :Zn × Zn →
Q/Z for a finite number of odd integers n (see Wall [17]). For a generator g ∈ Zn, the
linking n is represented by a (1,1)-matrix (mn ) over Q/Z such that m and n are coprime
positive odd integers. Since the linking n determines a quadratic function q :Zn →Q/Z
inducing n uniquely (cf. Lemma 1.1), we may denote σ(q) by σ(mn ). Since we have
σ(m
n
) = 2µ(L(n,m)) for the lens space L(n,m) with unique spin structure ι (usually
omitted), the identity
µ
(
L(n,m)
)+µ(L(m,n))= 1− nm
16
given in [5, Lemma 3.1] implies the following lemma.
Lemma 2.3. For any coprime positive odd integers m,n, we have
σ
(
m
n
)
+ σ
(
n
m
)
= 1− nm
8
.
Together with this lemma and the properties that σ(−m
n
) = −σ(m
n
) and σ(m1 ) = 0, we
can compute σ(m
n
) reciprocally. For example, we have
σ
(
m
n2
)
= 0 (mod 1).
In fact, since the linking ( n2
m
) is isomorphic to the linking ( 1
m
), we have
σ
(
m
n2
)
= 1− n
2m
8
− σ
(
n2
m
)
= 1− n
2m
8
− σ
(
1
m
)
= m1− n
2
8
= 0 (mod 1).
For a 2-group G, every linking  :G × G→ Q/Z is an orthogonal sum of linkings of
the following types (for suitable positive integers n): the linking Z2n × Z2n → Q/Z
represented by a linking matrix An(m)= ( m2n ) over Q/Z for a generator g ∈ Z2n (where
m is odd) and the linkings (Z2n ⊕Z2n)× (Z2n ⊕Z2n)→Q/Z represented by the linking
matrices
En0 =
(
0 12n
1
2n 0
)
and En1 =
( 1
2n−1
1
2n
1
2n
1
2n−1
)
for some generators g,g′ ∈ Z2n ⊕ Z2n (see [17]). Hence by Lemma 2.1 the linking
signature of a quadratic function on a 2-groupG is obtained from the following calculation.
Lemma 2.4.
(1) For a quadratic function q :Z2n →Q/Z with q(g)= m2n+1 for a generator g of Z2n(which induces the linking represented by the linking matrix An(m)), we have
σ(q)=
{
m
8 (n even),
(−1)(m−1)/2
8 (n odd).
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(2) For a quadratic function q :Z2n ⊕ Z2n →Q/Z inducing a linking represented by
the matrix En0 , we have
σ(q)=
{
0 (n 2)
q(g) · q(g′) (n= 1),
where we define q(g) · q(g′)= mm′2 ∈Q/Z for q(g)= m2 and q(g′)= m
′
2 .
(3) For a quadratic function q :Z2n ⊕ Z2n →Q/Z inducing a linking represented by
the linking matrix En1 with n 2, we have
σ(q)=
{0 (n even),
1
2 (n odd).
Proof. For (1), since the quadratic function q is induced from the diagonal map of a linking
with linking matrix An+1(m), the result follows from the calculation (3) of [10, Lemma
2.1]. For (2), the quadratic function q is induced from the diagonal map of a linking with
the linking matrix( ε
2
1
2n+1
1
2n+1
ε′
2
)
for ε, ε′ ∈ {0,1}. However, for n  2 the latter linking matrix is equivalent to En+10
by the change of generators given by f = g − ε2n−1g′ and f ′ = g′ − ε′2n−1g. Hence
the result for n  2 follows from the calculation (4) of [10, Lemma 2.1]. For n = 1
we make a direct calculation. If q(g) = 0, then {q(g′), q(g + g′)} = {0, 12 } and hence
GS(q) = 2 = 2 exp(2π√−1q(g) · q(g′)). If q(g) = q(g′) = 12 , then q(g + g′) = 12 and
we have GS(q)=−2 = 2 exp(2π√−1q(g) · q(g′)), giving the result of (2). For (3), by a
reason similar to (2) the quadratic function q is induced from the diagonal map of a linking
with the linking matrix En+11 , and hence the result follows from the calculation (4) of [10,
Lemma 2.1]. ✷
A linking  :G×G→Q/Z is hyperbolic if there is a direct sum splitting G=H ⊕H ′
with (H,H)= (H ′,H ′)= 0. Since  induces an isomorphism H ∼= hom(H ′,Q/Z), we
see from a splitting of H ′ into cyclic groups of prime power orders that  is represented by
a block sum of matrices of the type( 0 1
pn
1
pn
0
)
for a finite number of primes p and positive integers n. In particular, for the p-primary
component Gp of G, we see that the linking p :Gp × Gp → Q/Z induced from  is
hyperbolic. When p = 2, let
G˜= {x ∈G2 | 2x = 0}/{2x ′ ∈G2 | 4x ′ = 0}
be a group isomorphic to a direct sum of copies of Z2 and determined uniquely by G.
Then the hyperbolic linking 2 induces a hyperbolic linking ˜ : G˜× G˜→Q/Z which we
call the Z2-hyperbolic linking (induced from ). Further, if q :G→ Q/Z is a quadratic
function inducing , then the function q˜ : G˜→Q/Z defined by q˜([x])= q(x) for x ∈G2
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with 2x = 0 is a quadratic function inducing the Z2-hyperbolic linking ˜, which we call the
Z2-hyperbolic quadratic function (induced from q) [To see the well-definedness, note that
q(2x ′)= 2(x ′, x ′)= 4(h,h′)= 0 for x ′ = h+ h′ (h ∈H , h′ ∈H ′) with 4x ′ = 0]. For a
Q/Z-quadratic function inducing a hyperbolic linking, we have the following calculation.
Corollary 2.5. Assume that G is a p-group and a quadratic function q :G → Q/Z
induces a hyperbolic linking  :G × G → Q/Z. If p is an odd prime, then we have
σ(q)= 0. If p = 2, then we have
σ(q)= σ (q˜)= r∑
i=1
q˜
(
g˜i
) · q˜(g˜′i)
for the induced Z2-hyperbolic quadratic function q˜ : G˜ → Q/Z and a Z2-basis g˜i , g˜′i
(i = 1,2, . . . , r) for G˜ such that ˜(g˜i , g˜′j )= δij . In particular, we have 2σ(q)= 2σ(q˜)= 0.
Proof. When p is an odd prime, there is a system of cyclic generators for G with respect
to which  represents a block sum of matrices of the type ( 1
pn
)⊕ (−1
pn
) for some n. Since we
have σ( 1
pn
)= 1−pn8 and σ(−1pn )=− 1−p
n
8 by Lemma 2.3, we have σ(q)= 0 by Lemma 2.1.
When p = 2,  is represented by a block sum of a finite number of matrices of the type En0
for suitable positive integers n. Let G1 be the direct summand of G on which the linking 
represents a block sum of all the matrices of the type E10 in this block sum decomposition.
Then q˜ is isomorphic to the restriction of q to G1. By Lemmas 2.1 and 2.4, we have the
desired identities. ✷
The identity σ(q˜)=∑ri=1 q˜(gi) · q˜(g′i ) in Corollary 2.5 shows that the linking signature
σ(q˜) of a Z2-hyperbolic quadratic function q˜ : G˜→Q/Z is identical to the Arf invariant
of q˜ . When we consider a primary splitting of a linking, the following corollary is direct
from Lemmas 2.1, 2.3, and 2.4.
Corollary 2.6. For a quadratic function q :G→Q/Z, we have
4σ(q)= dimZ2(G⊗Z2)
2
(mod 1).
Let Λ=Z[Z] =Z[t, t−1]. We consider how to construct a quadratic function on a finite
Λ-module from a t-isometric linking. To do this, we need some preliminaries. For a finitely
generated Λ-module H , there is a unique maximal finite Λ-submodule DH of H (see [7,
Section 3]). We say that H is (t − 1)-divisible if t − 1 is an automorphism of H . For a
finitely generated (t − 1)-divisible Λ-module H , it is well known that the Z-torsion part
tH of H is equal to DH , originally due to Kervaire [11] (cf. [7]). For DH , let
D0H =
∞⋂
n=1
(t − 1)nDH,
D1H =
{
x ∈DH | ∃n 1, (t − 1)nx = 0}.
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For any finitely generated Λ-modules H , H ′, we have the following lemma.
Lemma 2.7.
(1) DH =D0H ⊕D1H .
(2) D0H is a unique maximal (t − 1)-divisible finite Λ-submodule of H .
(3) Every Λ-homomorphism f :H →H ′ induces
f (D0H)⊂D0H ′ and f (D1H)⊂D1H ′.
Proof. It is direct that D0H ∩D1H = 0. For a large positive integer N , we have D0H =
(t − 1)NDH and (t − 1)ND1H = 0 and (t − 1)N is the identity on D0H . For x ∈DH ,
let x0 = (t − 1)Nx and x1 = x − x0. Then x0 ∈ D0H and (t − 1)Nx1 = x0 − x0 = 0
showing x1 ∈D1H . Thus, (1) is obtained. For (2), we have (t−1)N+1DH = (t−1)NDH ,
so that t − 1 :D0H → D0H is bijective. Since D0H contains every (t − 1)-divisible
finite submodule of H , (2) is obtained. For (3), let D0H ′ = (t − 1)N ′DH ′. For every
x ∈D0H , we have x ′ ∈DH with x = (t − 1)N ′x ′. Since f (x ′) ∈DH ′, we have f (x)=
(t − 1)N ′f (x ′) ∈D0H ′. ✷
The following lemma is a main point in our argument:
Lemma 2.8. Let  :D × D → Q/Z be a linking on a finite Λ-module D which is
t-isometric, i.e., which has (tx, ty) = (x, y) for all x, y ∈ D. Let D0 = D0(D). Then
the t-isometric symmetric bilinear form 0 :D0 ×D0 →Q/Z defined by  is a t-isometric
linking and the function q :D0 →Q/Z given by q(x)= (x, (1− t)−1x) for all x ∈D0 is
a quadratic function inducing 0.
Proof. Let D1 =D1(D). For xi ∈Di (i = 0,1) we choose a positive integer N such that
x0 = (1 − t)Nx ′0 for some x ′0 ∈D and (1 − t−1)Nx1 = (−t)−N(t − 1)Nx1 = 0. Then we
have
(x0, x1)= 
(
(t − 1)Nx ′0, x1
)= (x ′0, (1− t−1)Nx1)= 0.
This means that 0 is non-singular, showing it is a t-isometric linking. Next, we take
x, y ∈D0 and x ′ = (1− t)−1x , y ′ = (1− t)−1y . Then q(−x)= q(x) and
q(x + y) = ((1− t)(x ′ + y ′), x ′ + y ′)
= ((1− t)x ′, x ′)+ ((1− t)y ′, y ′)+ 2(x ′, y ′)− (tx ′, y ′)− (x ′, ty ′)
= q(x)+ q(y)+ ((1− t)x ′, (1− t)y ′)
= q(x)+ q(y)+ 0(x, y). ✷
The following lemma shows that not every Q/Z-quadratic function is realizable by our
quadratic function q :D0 →Q/Z.
Lemma 2.9. The linking signature σ(q) of the quadratic function q :D0 → Q/Z in
Lemma 2.8 has order up to 4.
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Proof. For every x ∈D0 with 2nx = 0, let x = (t−1)x ′ for an x ′ ∈D0. Then 2nx ′ = 0 and
we have 2n−10(x, x) = 2n0(x ′, x ′) − 2n0(x ′, tx ′) = 0. This means that the restriction
(0)2 of 0 to the 2-primary component (D0)2 of D0 is represented by a block sum of
some copies of En0 and E
n
1 for suitable positive integers n. By Corollary 2.6, we have
4σ(q)= 0. ✷
For our quadratic function q :D0 →Q/Z, we may further define a local version of the
linking signature of q as it is stated in the following remark.
Remark 2.10. The linking 0 :D0 × D0 → Q/Z splits orthogonally and uniquely into
linkings (0)p on the p-primary components (D0)p for all prime p. We denote the linking
signature σ(qp) of the restriction qp of our quadratic function q given in Lemma 2.8 to
(D0)p by σp(q) and call it the p-local linking signature of q . Further, we see from [17]
that the linking (0)p on (D0)p splits orthogonally into linkings (0)ip on homogeneous
parts (D0)ip , that is, subgroups (D0)ip of (D0)p such that (D0)ip is the direct sum of some
copies of Zpi (i = 1,2, . . .). Then we see from [17] (for every odd prime p) and [10] (for
p = 2) that the linking signature σ(qip) of the restriction qip of qp to (D0)ip is independent
of a choice of this homogeneous splitting, which we denote by σ ip(q) and call the ith p-
local linking signature of q [To see this independence for p = 2, use the fact that (0)i2
is represented by a block sum of some copies of Ei0 and E
i
1 given in the proof of Lemma
2.9]. By construction, the linking signature σ(q) of q is the sum of the p-local linking
signatures σp(q) for all primes p, and the p-local linking signature σp(q) for every prime
p is the sum of the ith p-local linking signatures σ ip(q) for positive integers i . Examining
our calculation, we see that σ ip(q)= 0 in Q/Z for all prime p and even i > 0, 2σ i2(q)= 0
in Q/Z for all odd i > 0, and 4σ ip(q) = 0 in Q/Z for all odd prime p and odd i > 0.
We also note that for a general quadratic function on a 2-torsion group, the local linking
signature of the quadratic function restricted to a homogeneous part depends on a choice
of the homogeneous splittings (see [10]).
3. The intrinsic Arf invariant on a 3-manifold
Let M be a compact connected (possibly, non-orientable) 3-manifold, and p : M˜ →M
an infinite cyclic connected covering belonging to an indivisible element γ ∈H 1(M;Z).
We note that the finite maximal Λ-submodules DH∗(M˜;Z2) and DH∗(M˜, ∂M˜;Z2) of
the Λ-modules H∗(M˜;Z2) and H∗(M˜, ∂M˜;Z2) coincide with the Λ2-torsion parts of
the finitely generated Λ2-modules H∗(M˜;Z2) and H∗(M˜, ∂M˜;Z2), respectively, where
Λ2 =Z2[t, t−1]. Let A,A′ be ∅ or compact subsurfaces of ∂M such thatA′ = cl(∂M−A).
Let A˜= p−1(A) and A˜′ = p−1(A′). The following theorem is given in [3,6].
Theorem 3.1 (Duality Theorem).
(1) We have
DH2
(
M˜, ∂M˜;Z2
)∼=Λ/(2, t − 1)∼=Z2
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and for this generator µ2 the cap product ∩µ2 :H 1(M˜, A˜;Z2)→H1(M˜, A˜′;Z2)
induce an isomorphism
∩µ2 : hom
(
DH1
(
M˜, A˜;Z2
)
,Z2
)∼=DH1(M˜, A˜′;Z2).
(2) The cup product H 1(M˜, A˜;Z2)×H 1(M˜, A˜′;Z2) ∪−→H 2(M˜, ∂M˜;Z2) induces a
non-singular pairing
hom
(
DH1
(
M˜, A˜;Z2
)
,Z2
)× hom(DH1(M˜, A˜′;Z2),Z2)
∪−→ hom(DH2(M˜, ∂M˜;Z2),Z2)∼=Z2.
The generator µ2 of DH2(M˜, ∂M˜;Z2) ∼= Z2 is called the Z2-fundamental class of
the covering p : M˜ → M . For x ∈ DH1(M˜, ∂M˜;Z2) and y ∈ DH1(M˜;Z2), let ux ∈
hom(DH1(M˜;Z2),Z2) and uy ∈ hom(DH1(M˜, ∂M˜;Z2),Z2) be such that ux ∩ µ2 = x
and uy ∩µ2 = y and write
x ∗ y = (ux ∪ uy)(µ2) ∈ Z2 = {0,1/2} ⊂Q/Z.
Then we have the following corollary.
Corollary 3.2. The product ∗ induces a t-isometric non-singular bilinear form
DH1
(
M˜, ∂M˜;Z2
)×DH1(M˜;Z2) ∗→ {0,1/2} ⊂Q/Z
which is an invariant of M˜ or (M,γ ).
Let D̂H1(M˜;Z2) denote the following quotient finite Λ-module
DH1
(
M˜;Z2
)
/ Im
(
i˜∗ :H1
(
∂M˜;Z2
)→H1(M˜;Z2))∩DH1(M˜;Z2).
Then Corollary 3.2 together with the symmetry of cup product implies the following
corollary.
Corollary 3.3. The product ∗ induces a t-isometric linking form
 : D̂H1
(
M˜;Z2
)× D̂H1(M˜;Z2)→Q/Z
which is an invariant of M˜ or (M,γ ).
Let G(M˜;Z2) = D0(D̂H1(M˜;Z2)), which is a (t − 1)-divisible finite Λ-module. By
Lemma 2.8, the restriction G of  to G(M˜;Z2) is a t-isometric linking and we can make
the following definition.
Definition 3.4. The Z2-hyperbolic quadratic function of M˜ or (M,γ ) is the function
q :G
(
M˜;Z2
)→Q/Z
defined by q(x)= G(x, (1− t)−1x).
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By Lemma 2.8, we have q(−x)= q(x) and
q(x + y)− q(x)− q(y)= G(x, y).
Since 2G(x, (1 − t)−1x) = 0, we have G(x, x) = 2q(x) = 0 meaning that G is a
hyperbolic linking on G(M˜;Z2). By Corollary 2.5, the linking signature invariant σ(q) ∈
Q/Z is the Arf invariant of q , which we call the intrinsic Arf invariant of M˜ or (M,γ )
and denote by α(M˜) = αγ (M). For an oriented link L in S3, we define the intrinsic Arf
invariant α(L) of the link L by the identity α(L) = α(E˜L) = αγ (EL) for the element
γ ∈H 1(EL;Z)= hom(H1(EL;Z),Z) sending each oriented meridian of L to 1. Let ML
be the 3-manifold obtained from S3 by the Dehn surgery along L with Seifert surface
framing. Then the element γ determines an element γM ∈H 1(ML;Z) uniquely. We have
the following proposition.
Proposition 3.5. The Z2-hyperbolic quadratic functions of E˜L and M˜L areΛ-isomorphic,
so that α(L)= αγM (ML).
Proof. Let L have r components. For the infinite cyclic covering M˜L →ML belonging to
γM , the induced infinite cyclic covering cl(M˜L− E˜L)→ cl(ML−EL) is the disjoint union
of r copies of the infinite cyclic covering D2 ×R1 →D2 × S1 of the solid torus D2 × S1.
Hence we have (t − 1)H∗(M˜L, E˜L;Z2) = 0 by excision. This means that the natural
homomorphism H1(E˜L;Z2)→ H1(M˜L;Z2) induces a Λ-isomorphism D̂H1(E˜L;Z2) ∼=
DH1(M˜L;Z2), so that the t-isometric linking of G(E˜L;Z2) is Λ-isomorphic to the t-
isometric linking of G(M˜L;Z2). Hence the Z2-hyperbolic quadratic functions of E˜L and
M˜L are Λ-isomorphic. ✷
When H 1(M;Z) ∼= Z, there are just two generators γ , −γ of H 1(M;Z). Then it is
direct to see that αγ (M)= α−γ (M) which we denote by α(M). Here are three examples.
Example 3.6. Let L be the Whitehead link. Since L is a proper link, the Robertello–Arf
invariant a(L) ∈ {0,1/2} is defined and has a(L)= 1/2 (see [15]). On the other hand, we
have H1(E˜L;Z2)∼=Λ2/(t − 1)3Λ2 and G(E˜L;Z2)= 0. Thus, α(L)= 0.
On the other hand, it is shown in [9] that a(K)= α(K) for every knot K .
Example 3.7. Let L be a Hopf link with any orientation and L′ be a connected sum of
L and the left-handed (or right-handed) trefoil knot K = 31. Then L and L′ are improper
links and the Robertello–Arf invariants for L,L′ are no longer defined. On our intrinsic Arf
invariant, we have α(L) = 0 and α(L′) = 1/2. In fact, we have G(E˜L;Z2) = 0 meaning
that α(L)= 0, and
G=G(E˜L′ ;Z2)∼=G(E˜K ;Z2)=H1(E˜K;Z2)∼=Λ2/(t2 − t + 1).
We have a Z2-basis e, te for G such that G(e, e)= G(te, te) = 0 and G(e, te) = 1/2.
Then (1− t)−1e= te. By the definition of the Z2-hyperbolic quadratic function q of E˜L′ ,
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we have q(e)= q(te) = q(e + te) = 1/2, so that GS(q) = −2 = 2 exp(2π√−1 · (1/2))
and α(L′)= σ(q)= 1/2.
Example 3.8. Let K = 41 be the figure-eight knot in S3. This knot is invariant under an
orientation-reversing involution τ on S3 so that Fix(τ ) = S0 ⊂ K . Let Eτ be the orbit
space of the τ -equivariant compact exterior EK by τ . Then we have H1(Eτ ;Z)= Z and
∂Eτ = S1 ×τ S1 (the Klein bottle). Let Mτ be a closed 3-manifold obtained from Eτ by
pasting the solid Klein bottle S1 ×τ D2 along the boundary Klein bottles. Then Mτ is a
non-orientable homology handle, i.e., a 3-manifold with the same homology as the non-
orientable handle M0 = S1 ×τ S2. We have α(M0)= 0 and α(Mτ )= 1/2. In fact, we have
G(M˜0;Z2)= 0 meaning that α(M0)= 0, and
G
(
M˜τ ;Z2
)∼=H1(E˜K ;Z2)∼=Λ2/(t2 − t + 1),
(see [4, Lemma 4.2]). This means that the Z2-hyperbolic quadratic function of M˜τ is
isomorphic to the Z2-hyperbolic quadratic function of E˜L′ of Example 3.7. Hence we
have α(Mτ )= 1/2 (cf. [4]).
4. The linking signature on a 4-manifold as an analogue of the intrinsic Arf
invariant on a 3-manifold
Let W be a compact connected oriented 4-manifold, and p : W˜ →W an infinite cyclic
connected covering belonging to an indivisible element γ ∈H 1(W ;Z). Let A and A′ be
∅ or compact 3-submanifolds of ∂W such that A′ = cl(∂W − A). Let A˜ = p−1(A) and
A˜′ = p−1(A′). For a Λ-module H , let TH be the Λ-torsion part of H , and BH =H/TH .
Let Eq(H)=ExtqΛ(H,Λ). Then by an argument of [7] we have a t-anti epimorphism
θA,A′ :DH1
(
W˜ , A˜;Z)→E1(BH2(W˜ , A˜′;Z))
which is an invariant of (W˜ , A˜, A˜′) or (W,A,A′, γ ). We denote the kernels of θA,A′ and
θA′,A by DH1(W˜ , A˜;Z)θ and DH1(W˜ , A˜′;Z)θ , respectively. The second duality of [7]
then says that there is a t-isometric non-singular bilinear form
 :DH1
(
W˜ , A˜;Z)θ ×DH1(W˜ , A˜′;Z)θ →Q/Z
which is an invariant of (W˜ , A˜, A˜′) or (W,A,A′, γ ). By taking A= ∅ and A′ = ∂W , let
D̂H1(W˜ ;Z)θ denote the following quotient finite Λ-module:
DH1
(
W˜ ;Z)θ / Im( i˜∗ :H1(∂W˜ ;Z)→H1(W˜ ;Z))∩DH1(W˜ ;Z)θ ,
where i˜∗ denotes the natural homomorphism. Then we have the following theorem.
Theorem 4.1. The bilinear form  induces a t-isometric linking
ˆ : D̂H1
(
W˜ ;Z)θ × D̂H1(W˜ ;Z)θ →Q/Z.
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Proof. By the following commutative diagram with natural vertical maps:
DH1(W˜ ;Z)
j˜∗
θ∅,∂W
E1(BH2(W˜ , ∂W˜ ;Z))
DH1(W˜ , ∂W˜ ;Z) θ∂W,∅ E1(BH2(W˜ ;Z)),
we have a t-isometric (possibly singular) bilinear form
′ :DH1
(
W˜ ;Z)θ ×DH1(W˜ ;Z)θ →Q/Z.
To prove the symmetry of ′, we must recall the definition of  in [7]. For any
x, y ∈ DH1(W˜ ;Z)θ we have ux,uy ∈ H 1(W˜ , ∂W˜ ;Q/Z) such that δQ/Z(ux) ∩ µ = x ,
δQ/Z(uy)∩µ= y , and
′(x, y)= (x, j˜∗(y))= 〈δQ/Z(ux)∪ j˜∗(uy),µ〉= 〈δQ/Z(ux)∪ uy,µ〉,
where δQ/Z :H 1(W˜ , ∂W˜ ;Q/Z) → H 2(W˜ , ∂W˜ ;Z) denotes the Bockstein coboundary
operator and µ ∈ H3(W˜ , ∂W˜ ;Z) denotes the fundamental class of the covering p : W˜ →
W which is characterized by that (t −1)µ= 0 and p∗(µ) ∈H3(W,∂W ;Z) is the Poincaré
dual of γ ∈ H 1(W ;Z) (see [7]). Since 〈ux ∪ δQ/Z(uy),µ〉 = 〈δQ/Z(ux) ∪ uy,µ〉, we
see from the symmetry of cup product that ′(x, y) = ′(y, x). For an element x ∈
DH1(W˜ ;Z)θ , assume that ′(x, y)= 0 for all y ∈ DH1(W˜ ;Z)θ . By the non-singularity
of  in the case that A= ∂W and A′ = ∅, we must have j˜∗(x)= 0. This means that x is in
Im(i˜∗ :H1(∂W˜ ;Z)→H1(W˜ ;Z)) ∩DH1(W˜ ;Z)θ . Thus, ′ induces a t-isometric linking
ˆ. ✷
The linking ˆ is an invariant of W˜ or (W,γ ) and called the torsion linking of W˜
or (W,γ ). We denote by G(W˜ ;Z) the unique maximal (t − 1)-divisible Λ-submodule
D0(D̂H1(W˜ ;Z)θ ) of D̂H1(W˜ ;Z)θ . By Lemma 2.8, the restriction G of ˆ to G(W˜ ;Z) is
a t-isometric linking and we can make the following definition.
Definition 4.2. The torsion quadratic function of W˜ or (W,γ ) is the function
q :G
(
W˜ ;Z)→Q/Z
defined by q(x)= G(x, (1− t)−1x).
By Lemma 2.8, we have q(−x)= q(x) and
q(x + y)− q(x)− q(y)= G(x, y).
We denote the linking signature σ(q) ∈Q/Z of q by σ(W˜ )= σγ (W) and call it the linking
signature of W˜ or (W,γ ). By Lemma 2.9, we have 4σ(W˜)= 0. For every oriented surface-
link F in S4, we define
σ(F )= σγ (EF )
by taking the element γ ∈ H 1(EF ;Z) = hom(H1(EF ;Z),Z) sending each oriented
meridian of F in S4 to 1. We identify ∂EF with F × S1 so that the composite
H1(F × 1;Z)→H1(EF ;Z) γ→ Z
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is the zero map. Let V be the disjoint union of handlebodies such that ∂V = F . Let N be
a connected sum of V × S1 and a closed oriented 4-manifold W0. Let Wφ be the closed
4-manifold obtained from EF and N by attaching the boundaries by a homeomorphism
φ : ∂EF = F ×S1 → ∂V ×S1 which preserves the S1-factor. The element γ ∈H 1(EF ;Z)
and the zero element of H 1(W0;Z) define a unique element of H 1(Wφ;Z) also denoted
by γ . Then we have the following proposition.
Proposition 4.3. The torsion quadratic functions
qE :G
(
E˜F ;Z
)→Q/Z and qW :G( W˜φ;Z)→Q/Z
of G(E˜F ;Z) and G(W˜φ;Z) are Λ-isomorphic, so that σ(F )= σγ (Wφ).
Proof. First, we consider the case that W0 = S4. Then, we have a natural short exact
sequence (over Λ)
0 → T →H1
(
E˜F ;Z
)→H1(W˜φ;Z)→ 0,
where T = Im[H1(∂E˜F ;Z)→H1(E˜F ;Z)]. This implies the following exact sequence:
E1(T )→E2(H1(W˜φ;Z))→E2(H1(E˜F ;Z))→E2(T ).
We note that N˜ ∼= V ×R and the covering transformation t acts on ∂N˜ , N˜ , and (N˜, ∂N˜)
as homologically the identity maps. Thus, we have (t − 1)T = 0, so that (t − 1)E1(T )=
(t − 1)E2(T )= 0. We note the fact that
E2(H)= hom(DH,Q/Z)= hom(D0H ⊕D1H,Q/Z)
for any finitely generated Λ-module H (see [7]). Then by Lemma 2.7 the Λ-homomor-
phism E2(H1(W˜φ;Z))→E2(H1(E˜F ;Z)) induces a Λ-isomorphism
D0E
2(H1(W˜φ;Z))∼=D0E2(H1(E˜F ;Z)),
that is, a Λ-isomorphism
hom
(
D0H1
(
W˜φ;Z
)
,Q/Z
)∼= hom(D0H1(E˜F ;Z),Q/Z).
Thus, we have a natural Λ-isomorphism D0H1(E˜F ;Z) ∼= D0H1(W˜φ;Z). On the other
hand, from the homology exact sequence of (W˜φ, N˜), we have a short exact sequence of
Λ-homomorphisms
0 →BH2
(
W˜φ;Z
)→ BH2(W˜φ, N˜;Z)→ T ′ → 0
for a quotient Λ-module T ′ of a Λ-submodule of H1(N˜;Z). This sequence induces the
following exact sequence:
E1
(
T ′
)→E1(BH2(W˜φ, N˜;Z))→E1(BH2(W˜φ;Z))→E2(T ′).
Since (t − 1)T ′ = 0, the argument above also implies that this exact sequence induces a
natural Λ-isomorphism
D0E
1(BH2(W˜φ, N˜;Z))∼=D0E1(BH2(W˜φ;Z)).
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Further, the argument above also shows that the natural Λ-quotient homomorphism
DH1(E˜F ;Z)θ → D̂H1(E˜F ;Z)θ induces a Λ-isomorphism
D0H1
(
E˜F ;Z
)θ ∼=D0(D̂H1(E˜F ;Z)θ )=G(E˜F ;Z).
Then from the following commutative diagram:
DH1(E˜F ;Z)
i˜∗
θ∅,∂EF
E1(BH2(E˜F , ∂E˜F ;Z))
DH1(W˜φ;Z) θ∅,∅ E1(BH2(W˜φ;Z)),
where the right vertical map in the diagram denotes the natural composite map
E1
(
BH2
(
E˜F , ∂E˜F ;Z
))∼=E1(BH2(W˜φ, N˜;Z))→E1(BH2(W˜φ;Z)),
we can conclude that the torsion linkings
ˆE : D̂H1
(
E˜F ;Z
)θ × D̂H1(E˜F ;Z)θ →Q/Z and
ˆW : D̂H1
(
W˜φ;Z
)θ × D̂H1(W˜φ;Z)θ →Q/Z
restrict to the naturally Λ-isomorphic linkings EG :G(E˜L;Z) × G(E˜L;Z)→ Q/Z and
WG :G(W˜φ;Z) × G(W˜φ;Z) → Q/Z. This completes the proof when W0 = S4. The
proof of the general case of W0 follows from the reason that the connected sum
addition of a general closed oriented 4-manifold W0 to Wφ does not contribute to
the map θ∅,∅ :DH1(W˜φ;Z) → E1(BH2(W˜φ;Z)) and the linking ′ :DH1(W˜φ;Z)θ ×
DH1(W˜φ;Z)θ →Q/Z defined by the identity ′(x, y)= 〈δQ/Z(ux) ∪ uy,µ〉 given in the
proof of Theorem 4.1. Thus, we have the desired result. ✷
Here is one example on the torsion linkings of surface-knots (see [8] for related topics).
Example 4.4. Let K(p,q) be an S2-knot in S4 obtained by 2-twist spinning from the
2-bridge knot of type (p, q) where p and q are coprime odd integers with p > 1. It is
known by Zeeman [18] that K(p,q) is a fibered 2-knot with fiber a punctured lens space
L(p,q)o. For a positive integer g, let F(p,q) be an oriented surface-knot of genus g in
S4 obtained by taking the connected sum of K(p,q) and a trivial surface-knot of genus
g. We note that the surface-knot group π1(S4 − F(p,q)) ∼= π1(S4 − K(p,q)) has the
presentation〈
t, a | t−1at = a−1, ap = 1〉
with t a meridian element (cf. Teragaito [16, Lemma 1]) and the peripheral subgroup
of π1(S4 − F(p,q)) is the infinite cyclic group generated by t . Thus, fixing p, we see
that all the surface-knot groups π1(S4 − F(p,q)) for all q with (p, q) = 1 are mutually
isomorphic by a meridian-preserving and peripheral-subgroup-preserving isomorphism.
Further, we can observe that for any q, q ′ with (p, q) = (p, q ′) = 1 and any g > 0,
the surface-knots F(p,q) and F(p,q ′) of genus g admit (orientation-preservingly)
diffeomorphic Seifert hypersurfaces. In fact, since the connected sum L(p,q)#L(p,−q)
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is smoothly embedded in S4, we see that the trivial surface-knot F ′ of genus one has
a Seifert hypersurface diffeomorphic to L(p,q)#(S1 × D2) by removing a Heegaard
solid torus from the L(p,−q)-factor of L(p,q)#L(p,−q) ⊂ S4. Thus, F(p,q) and
F(p,q ′) of genus one admit Seifert hypersurfaces diffeomorphic to the connected sum
L(p,q)#L(p,q ′)#(S1×D2). For g > 1, F(p,q) and F(p,q ′) admit Seifert hypersurfaces
diffeomorphic to the connected sum L(p,q)#L(p,q ′)#Vg with Vg a handlebody of genus
g as desired. On the other hand, using the torsion linking of a surface-knot, we can see that
some surface-knots F(p,q) and F(p,q ′) do not belong to the same oriented surface-knot
type for every odd p > 1. To see this, we note thatG(E˜K(p,q);Z)=H1(E˜K(p,q);Z) and by
definition the inclusion i :L(p,q)o → E˜K(p,q) = L(p,q)o ×R1 induces an isomorphism
from the linking L(p,q) :H1(L(p,q);Z) × H1(L(p,q);Z) → Q/Z of L(p,q) to the
torsion linking G :G(E˜K(p,q);Z) × G(E˜K(p,q);Z) → Q/Z. Hence G is represented
by the linking matrix ( q
p
) over Q/Z for a generator of G(E˜K(p,q);Z) ∼= Zp. Choosing
an S1-factor-preserving homeomorphism φ : ∂EF(p,q) = F(p,q) × S1 ∼= ∂V × S1 for a
handlebody V of genus g, we have a homeomorphism
Wφ =EF(p,q) ∪φ V × S1 ∼=W(p,q)#g
(
S2 × S2),
where W(p,q) is a 4-manifold obtained from S4 by a 2-handle surgery along K(p,q).
By Proposition 4.4, the torsion linkings of F(p,q) and K(p,q) are Λ-isomorphic. Thus,
if F(p,q) and F(p,q ′) belong to the same oriented surface-knot type, then the torsion
linkings F(p,q)(∼= K(p,q)) and F(p,q ′)(∼= K(p,q ′)) are Λ-isomorphic. In particular, there
is an integer m such that qm2 ≡ q ′ (mod p), i.e., q−1q ′ (mod p) is a quadratic residue
modulo p. Thus, if we take that q = 1 and q ′ is a quadratic non-residue modulo p (cf.
[17]), then F(p,q) and F(p,q ′) do not belong to the same oriented surface-knot types.
Using the identity σ( q
p
) = σ(q ′
p
), we see, for example, that the surface-knots F(17,1),
F(17,3), F(17,−3), and F(17,5) of any genus g belong to mutually distinct oriented
surface-knot types, because we have σ( 117 )= 0, σ( 317 )= −14 , σ(−317 )= 14 , and σ( 517 )= 12 .
Among them, the three surface-knots F(17,1), F(17,3), and F(17,5) belong to mutually
distinct unoriented surface-knot types.
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